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1. Introduction

Harnack inequality and Logarithmic Harnack inequality play a very important role in many fields, such
as [6,8], and in the past twenty years, these two inequalities have been established on graphs.

In 1994, F. Chung and S.T. Yau in [2] established the following Harnack inequality for homogeneous
graphs and subgraphs G with edge generating set K consisting of k generators,
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for any a > 2 and x € V, and using this Harnack inequality, they derived lower bounds for the Neumann
eigenvalues and the Dirichlet eigenvalues in [2] and [3] respectively.
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In 1996, F. Chung and S.T. Yau in [5] proved the Logarithmic Harnack inequality for Ricci flat graphs,
and they derived a lower bound for the log-Sobolev constant of graph G using the Logarithmic Harnack
inequality.

In 2010, Y. Lin and S.T. Yau proved in [7] that the Ricci flat graphs have the non-negative Ricci curvature
in the sense of Bakry and Emery. In fact, in most cases, the Ricci curvature is zero, except for some very
special examples like complete graph (every two vertices of graph connected by an edge). They also proved

in [7] that any locally finite connected graph satisfies either CD(2, 2 — 1) if d is finite, or CD(2,—1) if d is
de

Hay

In 2014, with the assumption that /the graph satisfies the curvature-dimension type inequality CD(m, k),

infinite, where d = sup,¢y sup,.,

F. Chung, Yong Lin and S.T. Yau in [4] established a Harnack inequality for general graphs with non-negative
Ricci curvature, and they derived an eigenvalue lower bound, extending previous results for Ricci flat graphs.

In this paper, referring to the ideas in [4], with the assumption that the curvature-dimension type in-
equality is satisfied on graph G, we generate Logarithmic Harnack inequalities for general graphs, and get
lower bounds for the log-Sobolev constant, extending the results in [5].

2. Preliminary and main theorems

Suppose G is a homogeneous graph with vertex set V' and edge set E. The degree of vertex z, denoted
by d, is the number of edges connected to z. If for every vertex = of V, d, is finite, we say that G is a
locally finite graph. The distance between two vertices is the minimum number of edges to connect them,
while the diameter of G is the maximum of all the distances of the graph. We denote = ~ y if vertex z is
adjacent to vertex y, and pg,y is the edge weight. We assume all pi,, = 1 in this paper.

Let VE = {f|f : V — R}, and the Laplace operator £ of a graph G is
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According to Bakry and Emery [1], we can define a bilinear operator I' : VE x VE — VI by

I(f,9)(2) = 3 {f(0)Lg(x) + ()£ (@) ~ £(F(@)g())},

and then the Ricci curvature operator on graphs I's by iterating I" as

I(f,9)(x) = %{F(f,ﬁg)(l’) + (g, Lf)(@) = LT'(f,9)(x) }-

More explicitly, we have

o) = 3 S [F@) ~ F)],

r~y
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Definition A. The operator L satisfies the curvature-dimension type inequality CD(m, ) for some m > 1 if
for any f € V1,

Lo(f, @) = = (Lf (@) + £ (f, f) ().

3=
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We call m the dimension of the operator L and £ the lower bound of the Ricci curvature of the operator L.
It is easy to see that for m < m, the operator L satisfies CD(mh, &) if it satisfies CD(m, &).

If In(f, f)(x) = ET(f, f)(x), we say that L satisfies CD(o0, ).

From [4], we have the following lemma.

Lemma 1. Suppose G is a finite connected graph satisfying CD(m, €). Then for x € V and f € VE, we have
L X Tl - 250+ ) < (2 4 ) (@) - @2+ 2000(0),
T y~a dy zry

In this paper, as in [5], we define the log-Sobolev constant £ of G as

5o i D) = @)
120 Y, f(x)dg log f2 ()

where functions f satisfy Y., f?(z)d, = ., d, = vol G. Then, from Theorem 5 in [5], we get the following
lemma for general graphs.

Lemma 2. For a graph G, suppose f : V — R achieves the log-Sobolev constant and ", f*(x)d, = vol G.
Then f satisfies, for any verter z, Lf(x) = Bf(z)log f2(z).

In this paper, we assume all graphs discussed are locally finite graphs with positive Ricci curvature, that
is ¢ > 0, and then by Lemma 1 and Lemma 2, we can get our main theorems as follows.

Theorem 1. Suppose G is a graph satisfying the curvature-dimension type inequality CD(m,¢), and f € VE
satisfies Lf(x) = Bf(x)log f?(x). Then, for U = sup, |f(x)| > 1, the following inequality holds for x € V(G)

di S [f@) - Fw)* < w%?wmax{U2 log U? {1 + (1 - %) logUQ],l}. (1)

y~zx

Taking £ = wp in inequality (1), where w > 0 is a constant, we get

S~ fw)]* < me{w log U2 [1 + <1 - %) log UQ} : 1}, (2)

where d is the mazimum degree of G.

As applications of Theorem 1, by inequality (1) and (2), we can get the following theorems.

Theorem 2. Suppose G is a graph satisfying the curvature-dimension type inequality CD(m, &), and f € VE
satisfies Lf(x) = Bf(x)log f2(x). Then, for U = sup, |f(z)| > 1, the log-Sobolev constant 3 of G satisfies

5> min 1+ 4&dD? 1
8d(4 — L)D?" 8D2d(1 + 1)log U?[1 + (1 — L)logU?] )’

where d is the mazimum degree and D denotes the diameter of G.

Theorem 3. Suppose that a graph G has isoperimetric dimension ¢ and satisfies the curvature-dimension type
inequality CD(m,wp). Let f denote a function achieving the log-Sobolev constant 8 with sup, f(z) = U.
Then we have either
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w
2d(1 4 w)(4cvol G)3

logU2(1+ (1 — l) logU2> < 2510g6[1+ (2 3>5log5}
m m

Combining Theorem 2 and Theorem 3, we have

g =

)

or

Theorem 4. Suppose that a graph G has isoperimetric dimension § and satisfies the curvature-dimension
type inequality CD(m,wp). Let f denote a function achieving the log-Sobolev constant 8 with sup,, f(z) =U.
Then the log-Sobolev constant 8 of G satisfies

. co 1
>
= mm((vozG)% " 16D2d(1 + L)5log o[l + (2 — %)Mog‘ﬂ)’

where co depends on 6, w, m, d, and D.
3. The proof of main theorems

By using Lemma 1 and Lemma 2, we can prove Theorem 1. The idea of proof comes from [4] and [5].

Proof of Theorem 1. We set

0w) = o S [7@) = 1)) + 281 (@)log £2(0)
— p(@) + 281 (2) log f2(x).

Then, following the proof of Lemma 2.1 in [4], and by Lemma 1, Lemma 2 in Section 2, we have

Lol@) === 3" 5o D[ @) = 2w) + 1))
YT U@~ )+ 1) = £)] - [0 - 1)

< <2 - %) (Lf(x))? = 2¢p(x) + % S [f@) = FW)] - (—L£F W)

Y~z

= (2 ) (@) = 260) + = (10~ £0)] - (~L50) + £F(0) - £7(0)

dy =~
= (Lf(@)? - 2p(a) + d3 D@ = f)] - (L) = £1)
= (@) - 2%p()
+ 205 @) og £2(0) — f) oz W] (@) — 1) ¥

y~z
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On the other hand, following the proof of Theorem 6 in [5], we have

E(fQ(x) log fg(m))
= = [P los (@) — £()log ()

xr Yy~

Zf f(y)] log f*(z)

T y~a

= LS log £2(x) — £2(w) log £2 ()] (£ () — £(w)

o 3 7@ f(w) [los () —og (1)

= 26f*(z) log” f*(x)
1

- 2P @ og f2(@) = f2(y) log ()] (f () = 1))

o S H@)f ) log £2(0) ~ log ().

Y~z

By maximizing

k
Z ab; (1og a® —log bf)
i=1

subject to

b; = ka — Bkalog a?,

)
i
i

where k = d,, we can then use the Lagrange’s method, and get that when b, = by = ...

¥ ab;(loga? — logb2) attains its maximum. So, we get
i=1 7

Zf y) [log f?(x) —log f*(y)]

Ty~

< = 3 1@ (@) — 57 og ()] 108 £(x) — log(f(x) — £ (x)log f(x))’]

< 26f%(x)log f*(x).
Thus, by (3), (4), and (5), we have
L(p(x) +28f*(x)log f*(x))
< (L))’ 26p(r) + 457 F(@) og £2(2) (1 + log /()

— 2 B2 (a) log? £2(a) — 26p(a) + 457 (2 log () (1 -+ og 2(2)).
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Now we consider a vertex v which achieves the maximum value for p(x) +28f%(z)log f2(z) over all z € V,

and we have
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0 < £(p(v) +28£2(0) log /()
< 487 (0) log £2(0) (1 -+ 108 (1) — 57 (0) og? F(0) — 26p(0)
— 48220 og £400) +452 (1= 1) P (o) og? (o) ~ 269(0). )
So, we have

_ 202(0)log £2(v) + 28°(1 = £)£(0) log® £*(v)

p(v) ¢

Therefore for every x € V, we have

LS 1@ - ) + 267 g £(2)

< p(v) + 28f*(v) log f*(v)
_ 2024288 0y B I e 200
= 2R ploptog o) 14 50 (1 ) o (o). )

Since m > 1, £ > 0, and § > 0, for U = sup, | f(z)| > 1, we have

iZ[f(m) - f(l/)}2 < 2ﬁ2—é_%BmaX{UQIOgU2 [1 + (1 _ ;) logUQ],l}.

y~z

This completes the proof. O

The proof of Theorem 2 is very similar to Theorem 7 in [5]. We give the proof simply for the readers’
convenience.

Proof of Theorem 2. We consider two cases:

2
1. sup, | f(z) — 1| < 5. From [4], we have A\; > %5%2)' So we get

1+ 4¢dD?
8d-(4—L.D?)’

A1
> >
Bz 2

2. sup, |f(z)—1| > 3. Since -, f*(v)d, = vol G, we can take f(zg) = cand f(xs) = 1. Let P be a shortest
path with vertices zo, - - -, z,, where f(zo) = sup, f(z). When U?log U?[1 + (1 — 1 )log U?] > 1, since
s < D, by (2) we have

i(f(xi) - f(xi+1))2 <

=0

204D+ w) 20012 {1—1— (1 - i) logUz]-
w m

On the other hand,
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So we get

8> S i |
8D2d(1+ +)logU?[1 + (1 — =) log U?]

When U?log U?[1 + (1 — L)1log U?] < 1, we can easily get

B> ;1
8D2d(1 + 1)

This completes the proof. O
The proof of Theorem 3 is very similar to Theorem 8 in [5]. We also give the proof simply here.

Proof of Theorem 3. We take P as a shortest path with vertices xq, - - -, 5, where f(z¢) = U and f(zs) < 1.
To upper bound U, we consider the ball B, = {y : d(z¢,y) < r}. We take

\; 1 U J
S =

By (21) in [5], we have

UQ
4210 160 2(1 4 (1 — L) log U2))%

B3v0l G >

We consider two cases:

1. when U2 > 1, we have
llog U2(1+(1— ) log U2)] 3
w
B> .
2d(1 4+ w)(4cvol G)s
2. when U > < 1, that is,

[log U2(1+(1— 1) log U2)] 2

1 2
logU2<1+ (1 - —) 1ogU2) < 2510g5[1 + (2 — —)610g(5}
m m

So we complete the proof. O
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